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A new approach for developing a Nusselt number correlation, in terms of relevant non-dimensional
parameters, for turbulent forced convection flows in vertical channels using a judicious combination of
transient cooling experiments with a hybrid optimization technique is reported. The temperature–time
history, during the cooling of a heated plate, idealized as a lumped capacity heat transfer model, is
recorded using a PC based data acquisition system. A numerically computed temperature–time history
of the plate is then compared with the experimentally known temperature–time history to estimate
the residual. The minimization of sum of the squares of the residual is done using a hybrid numerical
optimization technique, i.e. a combination of Genetic Algorithm and the Levenberg–Marquardt method,
in order to obtain the coefficient and the exponents of the pertinent non-dimensional parameters in the
Nusselt number correlation. The parameters in the correlation are also retrieved using another global
optimization technique, the Simulated Annealing (SA), for evaluating the consistency in parameter esti-
mation. As a validation exercise, Nusselt number values estimated using the proposed correlation are
compared with steady state experimental results and a good agreement of results endorses the efficacy
of this approach.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Convective heat transfer from surfaces in vertical wall bounded
flows occurs in numerous practical engineering applications such
as cooling of electronic equipment, nuclear fuel assembly, solar
heating systems, plate heat exchangers and so on. It is well known
that heat transfer in channel confined flows is greatly influenced
by two modes of induced fluid motion. Starting from the very early
study of Elenbaas [1], heat transfer due to naturally induced fluid
motion caused by density gradients imparted by a temperature dif-
ference between the wall surface and the ambient fluid has been
extensively investigated in literature. Heat transfer studies on
channel confined flows under low and moderate fluid velocity re-
gimes; known as mixed convection heat transfer, has become an
important subject of research because this regime entails the
simultaneous presence of buoyancy, inertia and viscous forces. In
mixed convection heat transfer, the buoyancy forces, externally ap-
plied pressure forces and the viscous forces compete with each
other thereby affecting the flow dynamics within the system,
which in turn influences the heat transfer characteristics too (see
Gebhart et al. [2] for a fuller discussion on buoyancy induced
ll rights reserved.
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flows). A review of literature of heat transfer studies on vertical
channel flows indicates that most of the studies are focused on
laminar mixed convection and scarce are the studies that report
on fully developed turbulent mixed convection. An early study
on combined forced and free convective heat transfer in vertical
channel is due to Tao [3], which presented an analytical solution
for fully developed laminar flow in a vertical channel for the case
of constant axial wall temperature gradient with and without heat
generation. Agarwal [4] also obtained an analytical solution by a
variational method for laminar combined forced and free convec-
tion in vertical rectangular channels and circular ducts. Quintiere
and Mueller [5] developed an approximate method of analysis,
based on a linearization of the governing equations, for developing
mixed convection flow between two isothermal vertical surfaces.
Yao [6] presented an analytical solution for fluid flow and heat
transfer in the entry region of a heated vertical channel for both
constant wall temperature and constant wall heat flux conditions
and proposed a criterion for natural convection dominance.
Numerical studies for predicting developing mixed convection
and flow reversal in a vertical channel with asymmetric wall tem-
peratures have been reported by Aung and Worku [7]. Later, the
same authors [8] performed studies on combined free and forced
convection for buoyancy aiding flow in a vertical parallel plate
channel for the case of asymmetric wall heating and uniform heat
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Nomenclature

Ae surface area of the main plate not exposed to the side
plates, m2

AR aspect ratio (D/L)
As surface area of the main plate exposed to the side plates,

m2

At total surface area of the main plate, m2

Bi Biot number, hLc/ks

Cp specific heat capacity of the material of main plate, J/
kg K

D depth of the channel, m
Fij view factor from ith to jth surface
GrD Grashof number, gb(Th � T1)D3/m2

h heat transfer coefficient, W/m2 K
J radiosity, W/m2

kf thermal conductivity of fluid, (air) W/m K
ks thermal conductivity of solid(main plate) W/m K
L height of the main plate, m
Lc characteristic length for defining the Biot number, m
m mass of the test plate assembly, kg
NuD average convective Nusselt number
Pr Prandtl number of fluid (air)
Qc convective heat transfer, W
Ql minor heat losses from the heated main plate, W
Qr total radiative heat transfer, W
Qr1 radiative heat transfer from the surface of main plate

not exposed to side plates, W

Qr2 radiative heat transfer from the surface of main plate
exposed to side plates, W

Qt total heat transfer, W
ReD Reynolds number, DU/m
RiD Richardson number, GrD=Re2

D
T temperature, K
t time, s
U fluid velocity, m/s

Greek symbols
b isobaric cubic expansivity of the fluid, K-1

e total hemispherical emissivity
r Stefan Boltzmann constant, 5.67 � 10�8 W/m2 K4

m kinematic viscosity of air, m2/s

Superscripts
exp experimental
num numerical

Subscripts
i initial
h hot main plate
c cold side plate
1 ambient
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flux conditions. Closed form solutions were reported by Hamadah
and Writz [9] for fully developed laminar mixed convection for
buoyancy opposed flow in a vertical channel for different boundary
conditions. The authors have presented the velocity profiles and
also the criteria for the onset of flow reversal. Watson et al. [10]
carried out a numerical investigation of steady laminar mixed con-
vection with conduction in a series of vertical parallel plates with
planar heat sources for the cases of buoyancy aided flow. Gururaja
Rao et al. [11] performed numerical investigations on mixed con-
vection and surface radiation in vertical channels for both symmet-
ric and asymmetric isothermal walls and proposed correlations for
the average convective and radiative Nusselt number for each wall.

A few studies have been reported on fully developed turbulent
transport processes of heat and momentum in vertical parallel
plate channels. Nakajima et al. [12] investigated, experimentally
and numerically, turbulent transport at low Reynolds number
flows in a vertical parallel plate channel whose wall temperatures
are held constant but can take on different values. Their study
highlighted the effect of buoyancy on the turbulent transport pro-
cess. Chen et al. [13] carried out a finite element analysis of fully
developed turbulent flow between vertical parallel plates at differ-
ent wall temperatures. The numerical simulations were done with
a one-equation turbulence model for low Reynolds number flows.

The preceding review of literature reveals that most of the stud-
ies on vertical channel confined flows consider either laminar
mixed convection or fully developed turbulent mixed convection
and the studies are more often theoretical/numerical rather than
experimental. However, in many practical situations, the channel
walls are of finite length with an opening at each end and are suf-
ficiently wide apart, and therefore evidently the heat transfer char-
acteristics are entirely different from those characterized by fully
developed profiles. Furthermore, the correlating equations re-
ported in the above studies for estimating the heat transfer rates
from vertically oriented parallel plates are the outcome of steady
state analysis only. This work introduces a new approach for devel-
oping Nusselt number correlation for low Reynolds number turbu-
lent flows in isolated vertical parallel plate channels, based on
transient experimental techniques combined with a hybrid numer-
ical optimization for parameter estimation. The philosophy of
applying the transient method to develop a heat transfer correla-
tion is that during the initial stages of cooling of the plate, the
instantaneous values of the Grashof number will be higher when
compared to those at later stages of the cooling and consequently
a wide range of instantaneous Richardson numbers can be ob-
tained in a single experiment, provided a suitable inlet velocity is
used for the experiments.

2. Experimental apparatus

The experiments are conducted in an open circuit vertical wind
tunnel that can supply a uniform air flow inside the test section.
The vertical channel essentially consists of a heated vertical plate
(here after referred to as main plate) arranged centrally between
two adiabatic side plates. The main plate is made of an assembly
of two aluminum plates of dimensions 150 � 250 � 3 mm with a
flat heater sandwiched between them. The details of the main plate
and the arrangement used to suspend it vertically are reported in
an earlier work of the same authors [14]. However, it needs to be
mentioned that the earlier study considered laminar, mixed con-
vection from a single vertical plate as opposed to turbulent mixed
convection from a vertical channel that is being considered in this
study. The vibration of the main plate that would occur at higher
air velocities is prevented by using a tie-rod arrangement provided
at the two side edges of the main plate. The tie-rod arrangement on
each side edge consists of a 35 mm long, 10 mm wide and 0.5 mm
thickness pressed sheet steel strip attached to the main plate,
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while the other end of the steel strip is connected to a threaded
Teflon rod (6 mm U). The nuts arranged on the free end of the Tef-
lon rods are tightened to obtain rigidity, thereby overcoming the
expected vibration induced by the fluid motion. The tie-rod
arrangement is made at a distance of 10 mm above the bottom/
leading edge of the main plate. Ten ‘‘K-type” (36AWG) stainless
steel sheathed thermocouples, five on each aluminum plate, are
used for the measurement of temperatures at several locations of
the heated plate. They are fixed to the plates using copper cement
that has a high thermal conductivity. All thermocouples are cali-
brated before fixing them into the grooves machined in the plates
and the measurement error is within ±0.2 �C.

Aluminum plates of 3 mm thickness are used for making the
side plates. The side plates attached to wooden boxes are made
from 6 mm plywood panel and these plates are thermally insulated
from their back side using non-rubberised cork sheet (25 mm
thickness) and Thermocole� balls. The wooden boxes carrying
the side plates are arranged symmetrically on either side of the
main plate and are fixed to the test section by employing L shaped
mild steel brackets. The groove made in the L brackets provides
flexibility in mounting the boxes at the desired position thus
ensuring the dimensional accuracy of the channel. K-type thermo-
couples are used to record the temperatures at several locations on
the side plates. All thermocouples are connected to a PC based Data
acquisition system (Model No.34970A, Agilent Technologies Ltd.),
through compensating wires. The power input to the heater is sup-
plied from a regulated DC power source which has a range of 30–
600 V and 0–1.5 A. The main plate can be heated to different tem-
perature levels by controlling the power input to the heater. The
power input to the heater is calculated by measuring the voltage
and current using two digital multimeters. A buffing operation is
done for obtaining polished surface for all plates. The surface
roughness of the buffed plate is measured using a surface texture
measuring instrument (PERTHOMETER) and the surface roughness
(Ra) is estimated as 0.083 lm. The velocity and temperature of the
air inside the test section are measured using a thermal anemom-
eter (AIRFLOWTM TA5) and the velocity measurement is done at a
location 4 cm below the leading edge of the heated plate. Using
an arrangement for traversing the anemometer, the velocity mea-
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Fig. 1. Schematic diagram of the experimental set up for the study of forced
convection in vertical parallel plate channels [shown here are the arrangement in
the test section (400 � 450 � 530 mm) of the wind tunnel]. 1. Main plate (150 �
250 � 6 mm). 2. Side plates (150 � 250 � 3 mm) 3. Wooden boxes. 4. Teflon rod.
5. Stainless steel rod. 6. Adjusting nut. 7. Adjusting nut. 8. L brackets. 9. Wooden
side walls.
surement is done at four different locations upstream of the main
plate. The mean value of the velocities is used for calculating the
Reynolds number. The air velocity is varied by varying the speed
of the axial flow fan mounted appropriately below the diffuser en-
try. To avoid vibrations getting induced in the tunnel during the
operation of the fan, the fan is independently supported on a
metallic frame with its exit slightly below the diffuser entry. The
thermophysical properties for air, which is at atmospheric pres-
sure, are estimated at the film temperature, Tf. A bell mouth entry
ensures that the flow of air entering the channel is uniform. The
details of experimental set up are depicted in Fig. 1.
3. Transient experimental technique for developing the
correlation

The principal objective of this study is concerned with the re-
trieval of the parameters (a, b and c) in the Nusselt number corre-
lation of a form, NuD ¼ að1þ RiDÞbRec

D, for low Reynolds number
turbulent flows in vertical parallel plate channels using transient
experimental techniques combined with a hybrid numerical opti-
mization. In doing the transient cooling experiments, the heated
plate is treated as a lumped capacity heat transfer model. It is well
known that the established criterion for defining a heat transfer
model as a lumped capacity system is the Biot number. In this
study, the average convective heat transfer coefficient is estimated
as 19.72 W/m2K (corresponding to a maximum value of convective
Nusselt number, NucD = 35.45, estimated) and if the contribution
due to radiation heat transfer is roughly estimated as 20% of the
convective heat transfer coefficient, then the overall heat transfer
coefficient is estimated to be 23.66 W/m2 K. Using this value of
the overall heat transfer coefficient, for a characteristic length
2.82 mm and a thermal conductivity of 240 W/m K of the plate
material, the Biot number calculated for this transient problem
turns out to be 2.78 � 10�4 and hence the validity of lumped
capacity formulation is justified.

3.1. Experimental procedure

Initially, the main plate is heated by supplying a known amount
of electrical power and the power is switched off after steady state
conditions are reached. The transient response of the system is re-
corded using the data acquisition system and this is done at regular
intervals of 30 s till the plate reaches a temperature 5 �C above the
ambient temperature. The thermocouple that indicates the tem-
perature close to the average temperature of the plate is chosen
for recording the transient response of the system. The experi-
ments are repeated for several initial temperatures of the main
plate and different velocities upstream of the main plate. The
velocity of air at the inlet of the channel is so chosen that the flow
through the channels is turbulent. The velocity values chosen for
ensuring turbulent flows are evaluated based on the fact [15] that
laminar flow between stationary parallel plates becomes turbulent
for Reynolds numbers (defined as Re = qVD/l) greater than approx-
imately 1400. The transition to turbulence has also been indepen-
dently confirmed in the steady state experiments conducted as a
part of this study and is discussed in Section 4.2.2. The experiments
were performed in a channel with a spacing of D = 0.051 m. A max-
imum spatial variation of ±2 �C among the readings of the ten ther-
mocouples is a fair indication of the near isothermal nature of the
heated main plate.

3.2. Mathematical formulation

The mathematical model of transient cooling of a heat transfer
model which is idealized as a lumped system is given by
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�mcp
dTh

dt
¼ erF12AsðT4

h � T4
c Þ þ erF13AsðT4

h � T4
1Þ þ erAeðT4

h � T4
1Þ

þ hAtðTh � T1Þ þ Q l ð1Þ

The term on the left hand side represents the rate of change of
enthalpy of the plate at time, t. The radiative and convective heat
losses, respectively, are represented by the first three terms and
the fourth term on the right hand side of Eq. (1). The term Ql stands
for a correction term to account for the unaccountable heat losses.
In this study, it is assumed that such losses can be neglected com-
pared to the heat flow normal to the surface. The convective heat
transfer coefficient is replaced with the Nusselt number correla-
tion, assumed to be of the form, NuD ¼ að1þ RiDÞbRec

D as mentioned
earlier. Since the constants appearing in the Nusselt number corre-
lation are to be determined from these transient experiments, Eq.
(1) is modified to take the form,

�mcp
dTh

dt
¼ erF12AsðT4

h � T4
c Þ þ erF13AsðT4

h � T4
1Þ þ erAeðT4

h � T4
1Þ

þ ½að1þ RiDÞbRec
D�

kf

D
AtðTh � T1Þ ð2Þ

The key point in the transient technique employed in the study
is the assumption that the thermal equilibration of the plate, as it
loses the heat, is almost instantaneous. Such an assumption is truly
valid for plate materials of high thermal conductivity that are at
the same time not very thick. Moreover, it is clear that the heat re-
lease during the transient cooling is also controlled by the two
thermophysical properties, specific heat and emissivity, and hence
the temperature dependency of these properties should be taken
into account for the accurate computation of the transient re-
sponse of the plate. The variation of specific heat and emissivity
with temperature was determined by a method proposed by the
authors in an earlier study [16] and thus the temperature depen-
dency of the thermophysical properties encountered in the prob-
lem is adequately addressed. The mass of the test plate assembly,
inclusive of the mass of heater, was measured using an electronic
balance having resolution of 0.001 kg and the value was deter-
mined to be 0.698 kg. The view factor between the hot and cold
walls is evaluated using an analytical expression [17] for two par-
allel rectangles of equal size that faces each other.

Eq. (2) is a first order ordinary differential equation, the solution
of which for a given initial condition, known ambient temperature
and known or assumed values of system parameters (a, b, c, e, D,
F12, F13, As, m, cp) gives the transient response of the plate. The com-
putation of transient response of the system by solving the model
Eq. (2) is known as the forward model. In the problem considered
here, the interest is to retrieve the parameters in the Nusselt num-
ber correlation from the measured transient response of the sys-
tem, by using a parameter estimation algorithm. Basically,
parameter estimation from the experimentally known transient re-
sponse of the system is an inverse problem and the optimum val-
ues of the parameters are estimated by treating the problem as an
optimization problem, requiring the minimization of the square of
the residuals between the experimental and simulated tempera-
tures using guess values of the parameters.

3.3. Solution procedure

3.3.1. Forward problem
Eq. (2) can be written as

dTnum
h

dt
¼ wðXÞ ð3Þ

where X is the unknown vector defined as, X = {a, b, c}T. Eq. (3)
known as the forward problem is an initial value problem, and is
solved by a sixth order Runge–Kutta method to obtain the transient
response, subject to the initial condition Th = Ti at t = 0 and with ini-
tial guess values for all the parameters to be retrieved.

3.3.2. Inverse problem
The inverse problem considered here is concerned with the esti-

mation of parameters encountered in the Nusselt number correla-
tion, NuD ¼ að1þ RiDÞbRec

D from a knowledge of the measured
temperatures. The formulation of the inverse problem is similar
to that of the forward problem, except that the parameters, a, b
and c are unknown. Instead, measured temperatures of the plate
(Texp

h ), are available. The inverse problem consists then of utilizing
the measured data (Texp

h ) to determine the three elements of the
unknown vector X defined as

RðXÞ ¼
XNdata

i¼1

Texp
h � Tnum

h ðXÞ
� �2 ð4Þ

where Tnum
h is the simulated data. All of the arguments of X = {a, b,

c}T will be referred to as parameters. The optimization problem is
then concerned with the minimization of norm ‘R’, with respect to
each element of the unknown vector ‘X’. In this study, a hybrid
numerical optimization technique that combines the Genetic Algo-
rithm (GA) with the Levenberg–Marquardt algorithm (LMA) is used
for the retrieval of parameters by minimizing the norm ‘R’.

3.4. Solution of Inverse problem by hybridization of GA with LMA

In parameter estimation, optimization is invariably used to
minimize the errors between measured and estimated data (Eq.
(4)). Numerical procedures based on gradient (deterministic) and
stochastic methods are two basic types of optimization algorithms
commonly employed in practice. The former is known to be a local
inversion algorithm and the latter a global inversion algorithm.
Among the popular local inversion algorithms are the steepest de-
cent, Newton algorithm, conjugate gradient algorithm, Levenberg–
Marquardt algorithm and so on. On the other hand, stochastic
based inversion algorithms work on a global search technique to
determine approximate solutions for optimization problems. Some
examples of this class of algorithms are Genetic Algorithms (GAs),
Simulated Annealing (SA), Response Surface Methodology (RSM)
and so on. Each local and global optimization algorithm has its
own specific features. As the gradient based methods use the infor-
mation about the behavior of a function by searching along the gra-
dient direction, they are usually faster in their convergence and
ensure high level of accuracy in the estimated values at the opti-
mum point. In this way, deterministic techniques are attractive
from a computational point of view. However, when local type
inversion algorithms are adopted, accurate and reliable results
can be obtained only if the starting trial solution is close enough
to the actual solutions. Convergence of global optimization tech-
niques in general is not dependent on the guess values. However,
stochastic methods generally present a low convergence rate and
require a large number of cost function evaluations to achieve a
satisfactory convergence threshold. Consequently, they are compu-
tationally expensive especially when compared to deterministic
optimization techniques. An effective way of improving the con-
vergence rate and reducing the computational time simulta-
neously is the hybridization of stochastic methods with
deterministic technique, aiming at fully utilizing the complemen-
tary advantages of deterministic and stochastic techniques. The
simplest way to implement a hybridized version of a stochastic
method is that of considering a two stage optimization [18]. In
such a hybrid approach, the stochastic method is run for a small
number of generations or iterations, requiring therefore a much
smaller number of function evaluations. The solution obtained
with the stochastic method is then used as the initial guess for
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the gradient based methods. In this work, the hybridization of a
Genetic Algorithm (GA) with Levenberg–Marquardt algorithm is
implemented to estimate the optimum values of the parameters
pertinent to the problem considered here. Initially, a GA is used
to perform a preliminary search in the solution space and to locate
the neighborhood of the solution. Then, using the best solution
found with the GA as the initial guess, the Levenberg–Marquardt
method is implemented to refine, improve the current solution
and quickly converge towards the optimum.

3.4.1. Genetic algorithms
Genetic Algorithms (GAs) are procedures based on mechanics of

natural selection and genetics, developed by Holland [19]. GAs
emulate genetic recombination and evolution in nature to solve
optimization problems. They operate on a randomly generated
population in the search space simultaneously and perform a glo-
bal optimization by the three genetic operations, i.e. selection,
cross over and mutation. According to the evolutionary theory,
only the most suited elements of a population can survive and gen-
erate offsprings, thereby transmitting their biological heredity to
new generations. The suitability of each element according to the
problem under consideration is evaluated via a fitness value, di-
rectly derived from the objective function. The evolution mecha-
nisms are constituted by the three specific genetic operations
mentioned earlier. The cycle of evolution is generally repeated un-
til a predefined number of generations is reached. The GAs are less
prone to converge to a local optimum than the gradient based algo-
rithms, even when the initial guess is far away from the exact one
because they are stochastic and global in nature. Detailed discus-
sions of GAs can be seen in several references (see for example
[20–22]). Since the traditional GA works with only maximization
problems, for the optimization problem considered in this study,
the objective function is modified as

F ¼ 1
ð1þ RÞ ð5Þ

In executing the GA, the following values of input parameters
are used.
Population size = 12 (4n, where ‘n’ is the number of parameters
to be estimated).
Total string length = 60 (20 for each design variable).
Probability of crossover = 0.5.
Probability of mutation = 0.02.

3.4.2. Levenberg–Marquardt algorithm
The Levenberg–Marquardt algorithm provides a numerical

solution to the mathematical problem of minimizing a sum of
squares of several, generally, nonlinear functions that depend on
a common set of parameters. The least square problem, in this
study, consists of finding the parameter vector X = {a, b, c}T for
which the objective function RðXÞ ¼ f T f ¼ RNdata

i¼1 ½T
exp
h � Tnum

h ðXÞ�2

becomes minimum, where f(X) is the difference between the mea-
sured and simulated values. The parameters which minimize the
objective function R(X) satisfy a set of nonlinear algebraic equa-
tions which are obtained by differentiating Eq. (4) with respect
to each element of the unknown vector ‘X’ and setting these deriv-
atives equal to zero. The resulting system of algebraic equations
represented by ðJT JÞDX ¼ �JT f , where J is the Jacobian of f at X, is
then solved by Levenberg–Marquardt iterative procedure. In order
to improve the convergence of the solution of the resulting system
of equations a non-negative damping parameter k is added to yield
the Levenberg–Marquardt algorithm [23].

ðJT J þ kIÞDX ¼ �JT f ð6Þ
In the Levenberg–Marquardt algorithm, by setting a large value
of damping parameter, the steepest descent method is initially fol-
lowed. Thereafter, with the use of a small value of damping param-
eter, Newton’s method is adopted. The Levenberg–Marquardt
algorithm, like other numerical minimization algorithms, is an iter-
ative procedure that starts with an initial guess for the vector of
unknowns, Xo. In each iteration step, the parameter vector X, is re-
placed with Xkþ1; defined as Xkþ1 ¼ Xk þ DXk. The incremental va-
lue of unknown parameters DX, is obtained from Eq. (6). Writing
Eq. (6) in a more general form suitable for iterative calculations

DXk ¼ � ðJkÞT Jk þ kkI
h i�1

ðJkÞT f k ð7Þ

gives the new estimated values for the unknown parameters,
Xkþ1 ¼ Xk þ DXk. For a fuller discussion on the algorithm, see
[21,24].

4. Results and discussion

Fig. 2 shows the route map for solving the parameter retrieval
problem considered in this study. In using the GA, the initial pop-
ulation is randomly generated in the search space assigned for the
design variables. The search space for the design variables, for this
problem, is; 0.01 6 a 6 0.08, 1 6 b 6 10 and 0.3 6 c 6 0.85. In fact,
the bounds are a priori chosen for each design variable based on
earlier studies conducted on parallel plate channels reported in lit-
erature. An in-house code is developed for LMA and the GA code
originally developed by Carroll [25] is modified for solving the in-
verse heat transfer model. The programs are executed on a Pen-
tium 4 machine with a 3 GHz processor and 2 GB RAM.
Temperature data from five transient cooling experiments with
different initial temperatures were used for the parameter estima-
tion. The experiments were conducted on a channel with aspect ra-
tio, AR = 0.341. The temperature dependency of specific heat
capacity of the plate material and emissivity are estimated as
741.59 + 0.478T and 0.048 + 4.27 � 10�6T, respectively [16].

It is noted that when lower bounds of the parameters are used
as the initial guess values for executing the LMA, the parameters
are estimated as; a = 0.02341, b = 1.0 and c = 0.85. On the other
hand, when upper bounds of the parameters are used as the initial
guess values the solution yields a = 0.01684, b = 10 and c = 0.85.
This shows that in probing global optima for multimodal problems
using gradient based methods with arbitrary chosen guess values
from a large search space of the design variables, the solution
may get trapped into a local extreme or even diverge. The forego-
ing analysis, therefore, establishes the need for hybridization of
optimization techniques for the problem under consideration. Ta-
ble 1 indicates the values of parameters retrieved using GA from
five transient experiments, together with the time taken for carry-
ing out a certain number of generations (iterations so to speak). As
can be seen from the Table, no appreciable change is observed be-
tween the values of parameters retrieved after 300 and 400 gener-
ations and therefore it can be inferred that after 300 generations,
the estimated parameters have reached the optimum values. An
inherent feature of GAs is that as they mimic mechanics of natural
evolution, better and better values will be generated as the gener-
ations proceed. However, often times the improvement may not be
substantial from a mathematical view point. In view of this, a sub-
sequent implementation of a gradient based method after some
iterations with the GA may be appropriate for the refinement of
the solution vector. It is seen from Table 1 that the values of the
parameters retrieved after 100 generations is close to the global
optimum and this is evident from Fig. 3. So it is reasonable to
implement Levenberg–Marquardt method, taking initial guess val-
ues from GA output after 100 generations, to refine and improve
the solution. Table 2 shows the results of parameter estimation



Fig. 2. Route map for solving the parameter retrieval problem.

Table 1
Values of the parameters retrieved using GA.

Case no Initial temp (K) No. of generations Retrieved parameters CPU time, s

a b c

1 405.7 100 0.037681 2.380983 0.785631 90.05
200 0.037815 2.207287 0.785811 180.63

(0.0005 6 RiD 6 0.058) 300 0.037914 2.207149 0.785810 271.55
400 0.037914 2.207184 0.785810 362.39

2 432.4 100 0.038312 2.161410 0.793529 86.67
200 0.038430 2.125116 0.793510 172.50

(0.012 6 RiD 6 0.207) 300 0.038430 2.125001 0.793510 257.84

3 424.6 100 0.040087 2.335793 0.785679 69.08
200 0.040087 2.335793 0.785679 137.36

(0.002 6 RiD 6 0.131) 300 0.040071 2.373094 0.785656 208.84

4 415.9 100 0.040141 1.936501 0.780217 67.98
200 0.040137 1.936410 0.780223 134.50

(0.0005 6 RiD 6 0.09) 300 0.040151 2.016240 0.780785 203.83

5 433.7 100 0.037736 2.207416 0.786716 61.47
200 0.037753 2.204926 0.786704 121.92

(0.0005 6 RiD 6 0.065) 300 0.037822 2.204922 0.786715 182.17
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after 100 generations of GA, LMA implemented after 100 genera-
tions of GA and after 300 generations of GA, respectively, for each
experiment. The hybrid optimization method yields matching re-
sults with those predicted by GA after 300 generations, and more
importantly, the convergence is extremely fast thereby saving a
considerable amount of computation time. This is more advanta-
geous when a large number of parameters are to be estimated
while handling more complex inverse problems. The mean and
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standard deviation of the values of the retrieved parameters are
estimated and are shown in Table 2. The mean value of the param-
eters are then used to propose the Nusselt number correlation of
the required form which is

NuD ¼ 0:039ð1þ RiDÞ2:334 Re0:787
D ð8Þ

for

0:0005 6 RiD 6 0:207
2000 6 ReD 6 6000

� �

In order to judge the authenticity of the parameters retrieved
using this transient experimental technique, the value of the coef-
ficient and exponent of Reynolds number in Eq. (8) are first com-
pared with those reported in literature [13] for fully developed
turbulent flow in vertical channels. The correlation reported in
[13] has the form, Nuc ¼ 0:021Re0:8Pr0:4. A larger value of coeffi-
cient in Eq. (8) is admissible because higher heat transfer rates
are expected from widely spaced channels of finite length than that
are caused by fully developed profiles from narrow channels. Gau
et al. [26], observed that in the case of low Reynolds number tur-
bulent flows, especially in the transition regime, the buoyancy
parameter can slightly increase the average Nusselt number for
buoyancy assisting flow. The small drop in the value of exponent
of Reynolds number is attributed to the effect of buoyancy param-
eter on the heat transfer in aiding convection in the range of
parameters applicable to Eq. (8). The standard deviation of the val-
ues of the parameters reported in the correlating Eq. (8) are
ua = ±0.001, ub = ±0.175 and uc = ±0.005 and the percentage differ-
ence with respect to the corresponding mean values of the esti-
mated parameters are ±2.56%, ±7.49% and ±0.64%, respectively.
Small values of standard deviations indicate the consistency of
the values of the parameters estimated.

4.1. Sensitivity study

Finally, to estimate how far the retrieved parameters are sensi-
tive to the noise in the temperature measurement, the parameters
are re-estimated after perturbing the measured temperature by
adding random noise. The effect of noise is taken into account arti-
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Fig. 3. Variation of function value (F) with generations.
ficially as, Twith error
i ¼ Tmeas

i þ / x, where Twith error
i is the corrected

temperature, Tmeas
i is the measured temperature, u is the standard

deviation of the measurement error and x is a random number.
Three cases with random noise level u = 0.1, 0.2 and 0.3, were con-
sidered. The value of x is randomly generated and chosen over the
range �2.576 < x < 2.576, which represents the 99% confidence
bound for the temperature measurement. Table 3 shows the values
of the parameters re-estimated after perturbing the measured tem-
peratures with Gaussian noise for different values of u. The values
reported in the Table are the result of error analysis done for exper-
iment numbers 1 and 5. The results show that for small values of u,
the values of the retrieved parameters are consistent. However, for
u = 0.3, the numerical values of the estimated parameters indicate
that the measurement errors amplify the estimated errors. More-
over, it indicates that the proposed method provides accurate
and stable values of the parameters when a realistic error level is
used. In general, from the results of the sensitivity study, it can
be concluded that an increase in the measurement errors causes
a decrease in the accuracy of the inverse solution, as expected.

4.2. Validation

4.2.1. Parameter retrieval using simulated annealing (SA)
The consistency in the parameter estimation is further assessed

by employing another probabilistic global optimization method
called Simulated Annealing for the parameter estimation. Simu-
lated Annealing (SA) as a meta-heuristic method to solve combina-
torial problems has been widely accepted for various optimization
problems. SA performs really well for nonlinear problems to
achieve near optimal results with a computational time constraint.
Together with GAs, SA is the first of a few among the various ran-
dom search methods that have been tested for different bench-
mark real life problems. Very much like GA, SA works with direct
objective function evaluation, thereby avoiding calculation of gra-
dients of functions, thus making it suitable for a wide variety of
problems where derivatives are unknown or are difficult or expen-
sive to calculate.

SA mimics the physical process by which a material changes
state with decrease in its temperature relative to its energy level.
A heated material is in a higher energy state of random configura-
tion which gets organized with slow cooling. It reaches a crystal-
line or an organized state, which is more ordered with a lower
energy state configuration. Simulating the same physical process
for solving a combinatorial problem, SA starts with a random solu-
tion representing a higher energy state of a material. Slowly, the
temperature is brought down and solution reaches optimum en-
ergy state satisfying various constraints. As a global optimization
technique, there is a need to avoid local minima while descending
down the energy hill. This is taken care by using the powerful
Metropolis algorithm and retaining some of the rejected solutions
based on a stochastic accept/reject criterion. The numbers of re-
jected solutions retained vary at different temperature. At higher
temperatures, the condition for retaining a rejected solution is less
stringent in order to allow search in a larger domain. As the tem-
perature comes down, the Metropolis condition is made stringent
in order to get a better convergence. More details of the algorithm
are available in Deb [27].

Simulated Annealing is a point to point search method. Here, in-
stead, a population based approach for thorough search of domain
has been incorporated. The population based approach is an
improvement over point based approach where like GA simulta-
neously several candidates are tested for their fitness. As can be
seen with different new age evolutionary algorithms like ant col-
ony optimization, particle swarm optimization and so on, popula-
tion based search techniques search the solution space thoroughly
and at the same time avoid premature convergence.



Table 2
Parameters retrieved using GA and hybridization of GA with LMA.

Case no Initial temp (K) Algorithm Retrieved parameters CPU time, s

a b c

1 405.7 GAa 0.03768 2.38098 0.78563 90.05
GAa + LMA 0.03780 2.52441 0.78599 93.18

(0.0005 6 RiD 6 0.058) GAb 0.03791 2.20715 0.78581 271.55

2 432.4 GAa 0.03831 2.16141 0.79353 86.67
GAa + LMA 0.03846 2.21466 0.79406 94.92

(0.012 6 RiD 6 0.207) GAb 0.03843 2.12500 0.79351 257.84

3 424.6 GAa 0.04009 2.33579 0.78568 69.08
GAa + LMA 0.04012 2.50814 0.78593 72.85

(0.002 6 RiD 6 0.131) GAb 0.04007 2.37309 0.78566 208.84

4 415.9 GAa 0.04014 1.93650 0.78022 67.98
GAa + LMA 0.04081 2.13580 0.78000 73.03

(0.0005 6 RiD 6 0.09) GAb 0.04015 2.01624. 0.78079 203.83

5 433.7 GAa 0.03774 2.20742 0.78672 61.47
GAa + LMA 0.03790 2.28946 0.78722 65.89

(0.0005 6 RiD 6 0.065) GAb 0.03782 2.20492 0.78672 182.17

Mean 0.039 2.334 0.787

Std. deviation ±0.001 ±0.175 ±0.005

a GA output after 100 generations.
b GA output after 300 generations.

Table 3
Values of the retrieved parameters using GA* + LMA for different values of the
measurement error (i.e. u = 0.0, 0.1, 0.2 and 0.3).

Case
no

Initial temp
(K)

Std. deviation of error
(u)

Retrieved parameters

a b c

1 405.7 0.0 0.03780 2.52441 0.78599
0.1 0.03760 2.13827 0.78648
0.2 0.03843 2.16597 0.78336
0.3 0.04233 2.16263 0.77246

5 433.7 0.0 0.03790 2.28946 0.78722
0.1 0.03666 1.93206 0.79151
0.2 0.03895 2.26657 0.78261
0.3 0.03789 2.34899 0.78577
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For the problem under consideration the population size is 20.
Among the various candidates of the population the solution with
the best fit with experimental data is reported each time the tem-
perature drops. Different solutions thus searching the domain im-
prove the probability and the efficiency of the search process. The
input parameters used for SA coding are

Population size = 20.
Initial temperature = 400 K.
Temperature drop per iteration = 1 K.
Number of objective function evaluations in each iteration = 1
for each solution.

Acceptance probability 6 expððR0 � RÞ=TÞ (where R’) is objective
function value of previous solution, R is objective function value of
new solution and T is the temperature in Kelvin) and R is same as
defined in Eq. (4).

A program developed for executing the Simulated Annealing
using a fourth order Runge–Kutta method is used for the numerical
solution of the forward model represented by Eq. (3). Fig. 4 shows
the convergence history of SA, as the iterations proceed. The results
of the SA are shown in Table 4 and are in concordance with the GA
results. This can thus be treated as validation for the methodology
of the hybridization strategy of using a random search technique
for obtaining a near optimal parameter and then utilizing it to
achieve an exact solution using the gradient based method that
was reported in the earlier section. Fig. 5 shows the estimated error
between measured and simulated temperatures for a transient
experiment (Expt.No.1) using different optimization methods em-
ployed for parameter estimation. The proximity of the experimen-
tal and simulated temperatures is an indication that the parameter
estimation is robust. A maximum error of 0.47 K that is observed
during the initial phase of cooling process may be due to larger
uncertainty in heat loss estimation induced by rapid cooling rate.
The variance of the error between the measured and simulated
temperatures estimated for different optimization methods em-
ployed in the study viz. hybridization of GA with LMA, GA after
300 generations and SA, respectively, are obtained as 0.0165,
0.0195 and 0.0419. The result reveals that the hybridization of a
stochastic method with a gradient based method provides more
accurate result as compared to those given by stochastic methods
when they are implemented independently.

4.2.2. Comparison with steady state experimental results
Steady state experimental procedure: A stabilized D C is supplied

to the heater to heat the main plate and the system is then allowed
to reach steady state conditions. Steady state is assumed to be
reached when the temperature of the heated main plate is ob-
served to vary within ±0.1 �C in 10 min. The temperature and
velocity measurements are done after the system has reaches stea-
dy state conditions. The experiments were repeated for several
power inputs to the heater and different velocities upstream of
the channel.

The energy balance at steady state gives

Qt ¼ Q c þ Q r þ Q l ð9Þ

The term, Ql, stands for the minor heat losses from the heated
plate which include the conduction heat loss through the thermo-
couple wires attached to the main plate, conduction heat loss
through the Teflon� rods and the heat loss through the steel strips.
The heat loss by conduction through the thermocouple wires is
estimated using lead wire model approach outlined in [28]. The
heat loss through the Teflon rod (k = 0.23 W/mK) is estimated
using a one dimensional fin model and that from the steel strip
is evaluated by modeling it as a plate fin attached to the heated
plate. These quantities, respectively, are estimated as 0.31, 0.12
and 3.21%, corresponding to a power input 139.29W. As these
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Fig. 4. Convergence history of Simulated Annealing.
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quantities are negligible compared to the total heat transfer rate,
such losses are neglected. The mean of the temperatures of the
main plate and side plates is used for the estimation of radiative
(Qr) and convective heat transfer (Qc) rates. The radiative heat ex-
change, Qr, at the heated plate comprises of two components, viz.,
the radiative heat exchange at the heated plate that has zero shape
factor with the cold plates and that at the heated plate that has
non-zero shape factor with the cold plates. The radiative heat ex-
change at the heated plate that has zero shape factor with the cold
plates is calculated using the equation,

Q r1
¼ erAeðT4

h � T4
1Þ ð10Þ

The radiation heat exchange at the hot surface that has non-
zero shape factor with the cold plates is computed using the radi-
osity–irradiation formulation. The non-zero shape factor between
the hot and cold walls is evaluated using the analytical expression
Table 4
Comparison of retrieved values of the parameters using various numerical optimization m

Case no Initial temp(K) Algorithm

1 405.7 GAa + LMA
GAb

(0.0005 6 RiD 6 0.058) SA

2 432.4 GAa + LMA
GAb

(0.012 6 RiD 6 0.207) SA

3 424.6 GAa + LMA
GAb

(0.002 6 RiD 6 0.131) SA

4 415.9 GAa + LMA
GAb

(0.0005 6 RiD 6 0.09) SA

5 433.7 GAa + LMA
GAb

(0.0005 6 RiD 6 0.065) SA

a GA output after 100 generations.
b GA output after 300 generations.
for two parallel rectangles of equal size that face each other. The
radiation heat exchange at the ith surface can be calculated using
the formula,

Qi ¼
eiAiðrT4

i � JiÞ
ð1� eiÞ

; i ¼ 1;2;3; ð11Þ

Of the three unknown radiosities, the radiosity of the ambient
(J3) is estimated by treating it as a black body at the ambient tem-
perature. The application of radiosity–irradiation formulation re-
sults in two simultaneous equations in two unknowns, the
solution of which provides the radiosities J1 and J2, and thus en-
ables one to estimate the radiation heat exchange at the lateral
face (Qr2) of the heated plate. The total radiation heat exchange
at the heated plate is now obtained from

Qr ¼ Q r1
þ 2Q r2

ð12Þ

The convective heat transfer, Qc, is then estimated, when the
radiation heat exchange is removed from the total heat dissipated,
from which the average convective heat transfer coefficient and
the convective Nusselt number are computed as follows:

h ¼ Q c

AtDT
ð13Þ

NuD ¼
hD
kf

ð14Þ

Steady experiments were conducted under a wide range of
forced flow conditions during which the Reynolds number varied
in the range 700 < ReD < 12000. From Fig. 6, it is clearly seen that
Nusselt number exhibits different trends at very low and very high
Reynolds numbers. The difference in the slopes of the curves, as
Reynolds number varies, is a clear indication of rate of thermal en-
ergy transport under different flow regimes. Data points at low
Reynolds number values less than approximately 2000 exhibit a
unique trend whereas those at large values of Reynolds number
greater than approximately 6000 have a different unique trend.
The observed trend actually justifies the observation made in ear-
lier studies [15] that the flow changes from the laminar regime for
Reynolds numbers (defined as Re = qVD/l) greater than approxi-
mately 1400. Taking this into consideration, in this study too, a
representative transition Reynolds number of ReD,cr = 1400 is as-
sumed to delineate the flow regimes into laminar and turbulent.

A comparison of the Nusselt number values estimated using the
proposed correlation (Eq. (8)) and those evaluated from steady
state data is shown in the form of a parity plot in Fig. 7. The com-
ethods.

Retrieved parameters

a b c

0.03780 2.52441 0.78599
0.03791 2.20715 0.78581
0.03847 2.39515 0.79466

0.03846 2.21466 0.79406
0.03843 2.12500 0.79351
0.04059 2.11521 0.78729

0.04012 2.50814 0.78593
0.04007 2.37309 0.78566
0.04056 2.82382 0.78415

0.04081 2.13580 0.78000
0.04015 2.01624 0.78079
0.03816 2.26358 0.80565

0.03790 2.28946 0.78722
0.03782 2.20492 0.78672
0.03717 2.58001 0.78856
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parison shows that the Nusselt number values estimated using
both the approaches are in good agreement. The validation exer-
cise confirms the authenticity of the proposed approach for devel-
oping a heat transfer correlation, for a class of problems considered
here, using a judicious combination of transient experimental tech-
niques with a hybrid optimization method.

5. Uncertainty analysis

The uncertainties in the measured primary physical quantities
are obtained from the calibration of the instruments or the uncer-
tainty prescribed by the manufacturer. The propagation of error
due to the uncertainties in the measured primary physical quanti-
ties into the estimation of Nusselt number is calculated using the
procedure described in [29]. Following this procedure, the uncer-
tainty in the estimation of radiosity is 1.25%, radiative heat transfer
is 8.53%, convective heat transfer is 1.82%, convective heat transfer
coefficient is 3.10% and the resulting uncertainty in the convective
Nusselt number is estimated as 3.81%.

6. Conclusions

The expediency of transient cooling experiments combined
with a hybrid optimization technique is explored to evolve a heat
transfer correlation for low Reynolds number turbulent flows in
vertical parallel plate channels. The novelty of the transient cooling
experimental technique is that very few experimental runs are re-
quired to predict the coefficients and the exponents in a functional
relation between dependent and independent variables. The high-
light of the proposed transient experimental technique is that the
concept of instantaneous Richardson number works well for a sys-
tem having low thermal inertia for which quasi thermal equilibra-
tion is almost established. The hybridization of a stochastic
optimization method with a gradient based method guarantees
quick convergence to the optimum values of the parameters. The
parameters were also retrieved using another global optimization
technique namely Simulated Annealing and a good comparison
of Nusselt number values of steady state experimental results with
those estimated using the proposed correlation from the transient
experimental technique reinforce the consistency of this approach.
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